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In this paper we prove an ergodic theorem in the setting of uniform 
spaces. A series of examples will be given in a subsequent paper. The results 
presented below were obtained by the author many years ago. For various 
reasons they were not published until now. 
1. Let E (=(E, P)) be a separated uniform space’ and let C(E, T,) 
be the set of all continuous mappings of E into E. Let P’ be a second 
separated uniform structure on E and .A a set of closed parts of (E, T,,) such 
that: 
(i) M’c27; 
(ii) the sets in .W are closed for T,,,. 
We denote by C(E, r,+,,) the set of all continuous mappings of (E, T,.) 
into (E, T,,,). For every set of parts $, we denote by w(.!Q the union of the 
elements of .2. 
Let 
.d c C(E, T#) n C(E, T#,). 
For every x E E denote 
O,,(x) = u-(x) IF Jd I 
and assume that 
O,,(x) E ..T for x E E.’ 
A filter basis .59 on C(E, TM) is an almost invariant mean of .d on A c E 
if: 
’ For every uniform space (F, V) we denote by T, the topology on F associated with Y. 
.’ The bar over 0 ,&) means adherence (=closure) for the topology r, . 
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I. 1. g(x) E 0 :(x) for every .Y E A and g E M’(. 8): 
1.2. for every u E A. x E A and VE CJ. there is X E .%’ such that 
(g o U(-~), g(x)) E v 
for every g E X: 
1.3. for every u E A, x E A and V E U, there is X E .% such that 
for every g E X. 
(u o &>l &)) E v 
If A = (a), we say that 59 is an almost invariant mean at u. An almost 
invariant mean 9 is uniformly continuous on B c E if w(9) is uniformly 
continuous on B. If B = (b}, we say that ..59 is equicontinuous at b. 
2. Let a, b be two elements of E. Assume that .% is an almost 
invariant mean of .d at a. Consider the following properties: 
2.1. b E 0 .,/(a) andf(b) = b forfE .d; 
2.2. b = lim ..$(a);” 
2.3. b = lim .9(a) for the topology T,,. ; 
2.4. b E ad .%(a) (ad, ??(a) is the adherence of the filter basis :%‘(a) for 
the topology T,,). 
2.5. THEOREM. We haue 
2.2 =a 2.3 =a 2.4 s- 2.1, 
ProoJ: Since T,(. c T,,, 2.2 3 2.3. It is also obvious that 2.3 * 2.4. 
To prove that 2.4 G- 2.1 we reason as follows: By (ii), the set 0 <-(a) is 
closed for T,,,; hence b E O,,(u). Now 1etfE &‘. Let V E P’ and let U E %’ 
such that U 0 U 0 U c V. Let also4 WE W, W c U such that 
(f(b), f(z)) E u 
if (b, z) E W. By 1.3, there is X E .Y such that 
if g E X. Since ad .9(a) 3 b, there is h E X such that (b, h(a)) E W. Then 
(for this h) 
(f(b),S(h(a))) E 0: (flh(a)), h(a)) E U (h(a), b) E WC u. 
‘For~EE,,~(~)=(X(y)lKE 19). hereX( i/‘(y)I/‘EXI. 
‘We assume that the sets in I/’ which we consider are symmetric. 
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(fib), b) E u 0 u 0 u c v. 
Since V E W’ is arbitrary, we deduce that f(b) = 6. Hence 2.1 is proved. 
Notice that property 1.2 was not used in the above proof. 
3. We shall now prove 
3.1 THEOREM. Assume that 9 is an almost invariant mean at a, that .?9 
is equicontinuous at b and that g(b) E m-’ for every g E ~(-59’). Then 
2.1, 2.2, 2.3 and 2.4 
are equivalent. 
Proof. By Theorem 2.5, it is enough to show that 2.1 implies 2.2. Notice 
first that g(b) = b for all g E w(..$). In fact, since f(b) = b for fE J/, it 
follows that m = (bJ = (b). By one of our hypotheses, g(b) = b for 
g E w(sy. 
Now let V E w/ and U E w such that U 0 U c V. Since w(9) is equicon- 
tinuous at b, there is WE @ such that (g(b), g(z)) E U for all g E w(9) and 
z E E such that (b, z) E W. Since b E 0 da), there is u E ..,d such that 
(b, u(a)) E W. 
By 1.2, there is X E .a such that 
(g(4l g 0 u(a)) E u 
if g E X. Hence, if g E X, 
(by g 0 44) = (g(b), g(W)) E u and (g 0 44, g(a)) E u. 
It follows 
(b, g(a)) E U 0 U c V 
for g E X. We conclude that 
b = lim .%(a). 
4. Assume now that there exists an almost invariant mean $19 of .d 
on E, uniformly continuous on E. Then 
’ The bar over O,./(b) means adherence for the topology T,,. 
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4.1. THE ERGODIC THEOREM. The following are equivalent: 
tj) lim .%(a) exists for every a E E; 
(jj) lim .%‘(a) exists for every a E E, in (E, T,,.); 
Cjjj) ad .9(a) # 0 for every a E E (the adherence is considered in T,,.). 
We notice that if every O,<,(a) is compact for T,,., then (jjj) is satisfied. 
Hence (j) and Cjj) are also satisfied. 
5. If E is an arbitrary, locally convex separated space, P’ is the 
uniform structure corresponding to o(E, E’) and ..T is the set of all closed 
convex parts of E, then the conditions (i) and (ii) are satisfied. If E is an 
arbitrary separated uniform space and if P’ = 9 and .a is the set of all 
closed parts of E, then (i) and (ii) are again satisfied. 
Among various results which are immediate particular cases of the above 
theorem we mention the Eberlein mean ergodic theorem [ 1,2] and the 
contraction mapping fixed-point theorem. This and other examples will be 
discussed in a subsequent paper. 
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